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Abstract
The wave based method was developed as an efficient methodology for the steady state simulation of vibro-
acoustic systems. So far this method could only be used to predict the behaviour of simple panels made out of
isotropic materials. With the current rise in importance of lightweight composite panels, there is increasing
interest in the efficient simulation of panels with direction dependent properties and more complex damping
behaviour. To address this need, in this paper, the application range of the wave-based method is expanded
in two directions. In a first step the isotropic material model is extended towards an orthotropic one. Second,
a versatile damping model, based on the Augmented Hooke’s Law, is integrated into the methodology. Next,
the method is applied to three cases. The first one consists of a rectangular composite panel that is excited by
a distributed load. In the second case, a vibro-acoustic model is studied by coupling the panel to an acoustic
cavity with a simple geometry. Lastly, a model is made of an existing vibro-acoustic test setup on which the
composite panel is mounted. Results are compared to a FEM reference model.
1 Introduction
Due to the increased demand for products with a higher energy efficiency, the transport industry relies more
and more on the use of lightweight materials to lower the weight of their products. These are often composite
materials like honeycomb panels and fibre reinforced polymers. Due to their complex structure, their prop-
erties are no longer isotropic and they show frequency dependent damping. This makes it more challenging
to predict and optimise their vibro-acoustic behaviour. In order to perform this in a time and cost efficient
manner, design engineers increasingly call on CAE techniques. These lower the need for costly physical
prototypes and allow for optimisations in the early product development stages.
Nowadays, element based methods like the Finite Element Method (FEM) [1] and the Boundary Element
Method (BEM) [2], are the most common CEA techniques. They divide the problem domain into many small
elements and use simple polynomial functions to approximate the solution in each element. The downside
of this approach is that, as the frequency increases, an increasing number of elements is needed to obtain an
accurate solution [3]. This limits their application range to low frequencies. The introduction of a frequency
dependent damping model further lowers the applicability of the FEM. Since the FEM matrices become
complex and frequency dependent, they are harder to solve with traditional solvers and modal reduction
techniques become less applicable. This makes the method less suited for the simulation of composite
lightweight panels.
A recently developed alternative to the element based methods is the Wave Based Method (WBM) [4, 5].
This deterministic simulation technique is based on an indirect Trefftz approach [6] and approximates the so-
lution as a weighted sum of wave functions, which are exact solutions of the governing differential equation,
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without the need to divide the domain into small elements. Due to these properties, the WBM has a high
computational efficiency that allows it to tackle vibro-acoustic problems up into the mid-frequency region
[7]. Until now, those models were limited to isotropic panels with simple damping behaviour. Since the
WBM matrices are frequency dependent and complex, it has the potential for efficiently simulating complex
materials with frequency dependent damping.
The goal of this contribution is to explore this potential through the development of the WBM for orthotropic
plates and the implementation of a general damping model, based on the Augmented Hooke’s Law [8]. The
paper is structured as follows. Section 2 starts with a definition of the vibro-acoustic problem under study.
A third section describes the numerical modelling techniques that are developed to solve this problem. In
section 4, the method is applied to a number of case studies to assess its performance. A fifth section ends
the paper with some concluding remarks.
2 Problem definition
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Figure 1: 3D vibro-acoustic problem.
The problem under study is a bounded 3D vibro-acoustic system, as depicted in Figure 1. The fluid inside
the acoustic cavity Ωa is characterised by mass density ρa and speed of sound c. It is assumed that this fluid
shows linear, inviscid and adiabatic behaviour. The steady-state acoustic pressure p(r) inside the cavity can
then be described by the inhomogeneous Helmholtz equation [9]:
∆2p(r) + k2ap(r) = Qa, r  Ω
a (1)
where ∆2 is the Laplacian operator, ka the acoustic wave number, and Qa a source term. The acoustic wave
number is determined by the expression ka = ωc , with ω the angular frequency under study. In order to have
a unique solution to the problem, one boundary condition needs to be applied in each point of the boundary.
This can be an acoustic boundary condition or a coupling condition that couples the acoustic pressure in the
cavity to the displacements of the structural domain. The most common acoustic boundary conditions are:
• pressure boundary condition
Rp(r) = p(r)− p¯(r) = 0 (2)
• normal velocity boundary condition
Rv(r) = Lv(p(r))− v¯n(r) = 0 (3)
• normal impedance boundary condition
Rz(r) = Lv(p(r))− p(r)
Z¯(nr)
= 0 (4)
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with R•(r) the boundary residual and p¯(r), v¯n(r) and Z¯(nr) the prescribed pressure, normal velocity and
normal impedance respectively. Lv(•) is the normal velocity operator.
The structural domain Ωs consists of a thin orthotropic plate, whose steady-state transversal displacement w
is governed by the orthotropic Kirchhoff equation [10]:
D11
δ4w(r)
δx4
+ 2(D12 + 2D66)
δ4w(r)
δx2y2
+D22
δ4w(r)
δy4
− k4bw(r) = P (r), r  Ωs (5)
with Dij the orthotropic plate parameters, kb the structural wave number, and P (r) a force excitation term.
The structural wave number is equal to 4
√
ω2ρsh, with ρs and h the mass density and thickness of the plate
respectively. The expressions for the orthotropic plate parametersDij depend on the material parameters and
on the adopted damping model. In this paper, a complex damping model based on the Augmented Hooke’s
Law (AHL) [8, 11, 12, 13] is used. This is discussed in detail in section 3.2, where also the expressions for
Dij are derived. Since (5) is a fourth order partial differential equation, two boundary conditions are required
at each point of the boundary. Typical boundary conditions are:
• kinematic boundary conditions: prescribed displacement and rotation (clamped edge)
Rw(r) = w(r)− w¯(r) = 0
Rθn(r) = Lθn(w(r))− θ¯n(r) = 0
(6)
• mixed boundary conditions: prescribed displacement and bending moment (simply supported edge)
Rw(r) = w(r)− w¯(r) = 0
Rmn(r) = Lmn(w(r))− m¯n(r) = 0 (7)
with R•(r) the boundary residual and w¯(r), θ¯n(r) and m¯n(r) the prescribed displacement, normal rotation
and normal bending moment respectively. Lθn(•) and Lmn(•) are the normal rotation and normal bend-
ing moment operators respectively. The coupling with the acoustic domain is realised through the force
excitation term since the dynamic pressure in the cavity acts as an excitation over the whole surface of the
plate.
3 Modelling techniques
To find a solution to this vibro-acoustic problem, the Wave Based Method (WBM) is used to numerically
model both the acoustic and the structural domain. An extension to the WBM had to be developed to allow
the method to simulate orthotropic plates. A first section presents the modelling procedure of the WBM for
vibro-acoustic problems, with focus on the extension to orthotropic plates. To allow the method to simulate
complex damping behaviour, a damping model based on the AHL is developed in a second section.
3.1 The Wave Based Method (WBM)
The Wave Based Method (WBM) is a deterministic simulation technique, based on an indirect Trefftz ap-
proach [6]. This means that the method includes knowledge of the problem in the base functions for the field
variables [14]. Desmet [4] originally developed the method for isotropic Kirchhoff plates and for 3D interior
acoustic problems that are governed by the Helmholtz equation. Further research extended the applicability
of the method to other problems such as in-plane vibrating plates [15] and poro-elastic materials [16, 17].
[5] gives a more complete overview of the current capabilities of the WBM.
Until now, only isotropic materials could be tackled with the WBM for plates. In this paper, the method is
extended to enable the simulation of the transverse vibration of thin orthotropic plates. In the next paragraphs,
the four steps of the numerical modelling procedure of the WBM are explained, applied to an orthotropic
vibro-acoustic model. The focus is on the specific adaptations to include the orthotropic material behaviour
and on the coupling of the orthotropic plate to the acoustic cavity.
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Step 1: Partitioning into convex subdomains
Desmet [4] showed that, to ensure that the method converges to the exact solution of the problem, convexity
of the considered domain is a sufficient condition. When the problem geometry has a non-convex shape, a
first step in the modelling procedure is to divide the domain into non-overlapping convex subdomains. To en-
sure continuity of the field variables over the interfaces between adjacent subdomains, continuity conditions
will be applied to both subdomains.
Step 2: Field variable expansion for each subdomain
In each of the subdomains, the dynamic variables u(r) (either pressure p or displacement w) are approxi-
mated by a solution expansion uˆ(r) of wave functions Φi(r), supplemented with particular solution functions
up,j(r):
u(r) ≈ uˆ(r) =
∑
i
Φi(r)wi +
∑
j
uˆp,j(r) (8)
The unknown degrees of freedom are the weights wi of each wave function. In accordance to the Trefftz
approach, these wave functions are chosen such that they exactly satisfy the governing differential equation.
This way, no errors are made on the domain equations. This contrasts with the finite element method, where
the field variables are described in terms of simple, often linear, shape functions that approximate the solution
by taking enough elements per wavelength.
For 3D acoustic domains, Desmet [4] proposed the following set of wave functions:
Φr(r) = cos(kr,xx)cos(kr,yy)e
−jkr,zz r = 0, 1, ..., nr
Φs(r) = cos(ks,xx)e
−jks,yycos(ks,zz) s = 0, 1, ..., ns
Φt(r) = e
−jkt,xxcos(kt,yy)cos(kt,zz) t = 0, 1, ..., nt
(9)
In order for these functions to be exact solutions to the Helmholtz equation, the wave number components in
the three directions, ki,x, ki,y and ki,x(i = r, s, t), need to satisfy:
k2r,x + k
2
r,y + k
2
r,z = k
2
s,x + k
2
s,y + k
2
s,z = k
2
t,x + k
2
t,y + k
2
t,z = k
2
a (10)
Since an infinite series of wave numbers can satisfy this equation, a truncation strategy is used to select a finite
set. This is done based on the dimensions Lx x Ly x Lz of the smallest rectangular bounding box enclosing
the domain. For each of the wave functions, two of the three wave number components are chosen such
that an integer number of half wavelengths equals the dimension of the bounding box in the corresponding
direction. The third wave number is then calculated to satisfy relation (10):
(kr,x, kr,y, kr,z) = (
a1pi
Lx
, a2piLy ,±
√
k2a − (a1piLx )2 − (a2piLy )2)
(ks,x, ks,y, ks,z) = (
a3pi
Lx
,±
√
k2a − (a3piLx )2 − (a4piLz )2, a4piLz )
(kt,x, kt,y, kt,z) = (±
√
k2a − (a5piLy )2 − (a6piLz )2, a5piLy , a6piLz )
(11)
with ai ∈ {0, 1, 2, ..., ni}(i = 1, 2, 3, 4, 5, 6) This infinite series is truncated by the user by selecting a value
for the truncation parameter T:
n1
Lx
≈ n2
Ly
≈ n3
Lx
≈ n4
Lz
≈ n5
Ly
≈ n6
Lz
≤ T ka
pi
(12)
If np acoustic point sources are present in the domain, for each of them a particular solution function is added
to the expansion (8). This particular solution represents the free field pressure field generated by an acoustic
monopole at location (xp,j , yp,j , zp,j):
pˆp,j(r) =
jρaωq
4pi
e−jkarp,j
rp,j
, j = 1, 2, ..., np (13)
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with rp,j =
√
(x− xp,j)2 + (y − yp,j)2 + (z − zp,j)2, j the imaginary unit and q the source strength.
For structural domains, a similar set of wave functions exist, that this time satisfy the isotropic Kirchoff plate
equation. However, since an orthotropic thin plate is described by a different partial differential equation
than an isotropic one, these wave functions need to be modified. The shape of the functions can be kept the
same as for isotropic plates:{
Φb1(r) = cos(kb1,xx)e
−jkb1,yy b1 = 0, 1, ..., nb1
Φb2(r) = e
−jkb2,xxcos(kb2,yy) b2 = 0, 1, ..., nb1
(14)
Substituting these functions into the orthotropic plate equation (5), yields the following constraints for the
wave number components kb1,x, kb1,y, kb2,x and kb2,y:
D11k
4
b1,x + 2(D12 + 2D66)k
2
b1,xk
2
b1,y +D22k
4
b1,y = k
4
b
D11k
4
b2,x + 2(D12 + 2D66)k
2
b2,xk
2
b2,y +D22k
4
b2,y = k
4
b
(15)
Again, a finite set of wave number components has to be selected out of the infinite set that can satisfy this
constraint. Following the same strategy as for the acoustic problem, based on the dimensions Lx x Ly of the
smallest rectangle that can enclose the domain, a selection is made:
kb1,x =
b1pi
Lx
kb1,y =

±
√√
D22k4b+((D12+2D66)
2−D11D22)k4b1,x−(D12+2D66)k2b1,x
D22
±j
√√
D22k4b+((D12+2D66)
2−D11D22)k4b1,x+(D12+2D66)k2b1,x
D22
(16)
kb2,y =
b2pi
Ly
kb2,x =

±
√√
D22k4b+((D12+2D66)
2−D11D22)k4b2,y−(D12+2D66)k2b2,y
D11
±j
√√
D22k4b+((D12+2D66)
2−D11D22)k4b2,y+(D12+2D66)k2b2,y
D11
(17)
with bi ∈ {0, 1, 2, ..., nbi}(i = 1, 2). This infinite series is truncated by selecting a value for the truncation
parameter T:
nb1
4
√
D11
Lx
≈ nb2
4
√
D22
Ly
≤ T kb
pi
(18)
When a force is applied to the structural domain, one or more particular solution functions need to be added
to expansion (8). In the case of a point force, a particular solution function is used that represents the
displacement field generated by a point force applied to an infinite plate. This particular function can be
found by using the Green’s functions. When the plate is coupled with an acoustic domain, the pressure
inside the cavity acts as the force excitation on the plate. For this type of load, a particular solution in an
explicit form can be found because the wave functions that are used to describe the pressure field, have the
same shape as the structural wave functions. For each acoustic wave function, a particular solution is added
to the expansion of the displacement (8). For simplicity, it is assumed that the structural domain lies in the
xy-plane such that the z-component of the acoustic wave functions (9) at the surface of the plate is zero. For
each of the three types of acoustic wave functions (Φr, Φs and Φt), a particular solution (Φr,p, Φs,p and Φt,p
respectively) can be found by assuming that it has the same shape as the acoustic wave function, with an
unknown scaling factor bi:
Φr,p(r) = b1cos(kr,xx)cos(kr,yy)
Φs,p(r) = b2cos(ks,xx)e
−jks,yy
Φt,p(r) = b3e
−jkt,xxcos(kt,yy)
(19)
Substituting the displacementw(r) and the force P (r) in equation (5) with these particular solution functions
and the acoustic excitation functions respectively, yields a solution for b1, b2 and b3:
b1 =
1
D11k4r,x+2(D12+2D66)k
2
r,xk
2
r,y+D22k
4
r,y−k4b
b2 =
1
D11k4s,x+2(D12+2D66)k
2
s,xk
2
s,y+D22k
4
s,y−k4b
b3 =
1
D11k4t,x+2(D12+2D66)k
2
t,xk
2
t,y+D22k
4
t,y−k4b
(20)
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Note that the existence of a particular solution for every force distribution of the form cos · cos or cos · exp
means that any kind of distributed load, that can be decomposed into a series of these functions with different
wave numbers, can be simulated.
Step 3: Construction of the system matrices
Due to the choice of wave functions, the solution expansion (8) inherently satisfies the governing domain
equation, independent of the values of the degrees of freedom. The boundary and continuity conditions
between different domains, however, are not automatically satisfied. To minimize these errors, a weighted
residual approach is used where the residuals on the boundary are orthogonalised with respect to a set of
weighting functions tk(r). Every boundary and continuity condition can then be written as a weighted
residual termRk:
Rk =
∫
Γk
Dk(tk(r))Rk(r) = 0, k = 1, 2, ..., nk (21)
with Γk the boundary on which the condition is applied, nk the total number of boundary and continuity
conditions, and Dk a differential operator that orthogonalises tk(r) to the boundary residual Rk(r), like the
ones described in equations (2) to (4), (6) and (7). Similar to a Galerkin weighted approach, that is often
applied in the finite element method, the same function expansion is used for the weighting functions tk(r)
as for the field variables (8):
tk(r) =
∑
i
Φk,i(r)t˜i (22)
with Φk,i the wave functions of the field variable expansion present in the correspondingRk(r) from equation
(21). Summation of all the weighted residual termsRk and substitution of expansions (8) and (22) into these
residuals leads to a matrix system of equations of the form:
[A]{u} = b (23)
with A the system matrix, u a vector containing all the unknown wave function contribution factors wi from
expansion (8) and b the right-hand side vector that results from non-zero boundary conditions and excitations
that require particular solution functions. [4] provides a more detailed explanation of how this matrix system
is constructed.
Step 4: Solving the system of equations and post-processing
In a final step, the matrix system of equations (23) is solved for the unknown contribution factors of the wave
functions. These contribution factors are then substituted in equation (8) to obtain an analytical expression
for the approximate field variable uˆ(r). Derivative quantities such as acoustic velocity and structural stresses
can be calculated without loss of spatial precision by applying differential operators to the wave function
sets.
3.2 Augmented Hooke’s Law (AHL)
The current structural WBM for plates has limited capabilities to include damping in the model. Only
proportional damping is readily supported. To allow the simulation of more complex materials, a more
general damping model is developed, based on the Augmented Hooke’s Law in the frequency domain [8].
The AHL is a 3D, completely general constitutive material model that has a convenient formulation in the
frequency domain. Dovstam originally developed the method for isotropic materials. Dalenbring [18] later
applied the concepts of AHL to obtain a transverse isotropic material damping model. In this paper, the
method is further extended to an orthotropic AHL based damping model.
The Augmented Hooke’s Law replaces the stiffness matrix H, that relates the stresses σ to the strains ε, with
an augmented constitutive matrix Hˆ:
σ = Hˆ(ω)ε (24)
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For a 3D material model, the stresses and strains consist of six components and Hˆ(ω) is a six by six matrix.
It is formulated by the AHL as a combination of the classic elastic constitutive matrix and an augmentation
matrix H∆(ω), that incorporates the damping.
Hˆ(ω) = H+H∆(ω) (25)
with
For an orthotropic material, the stiffness matrix H is determined by nine parameters: three Young’s moduli
(Ex, Ey and Ez), three Poisson’s ratios (νxy, νyz and νzx) and three shear moduli (Gxy, Gyz and Gzx). This
allows H to be expanded into nine terms:
H = h11H11 + h22H22 + h33H33 + h44H44 + h55H55 + h66H66 + h12H12 + h13H13 + h23H23 (26)
where hij are factors containing the nine constitutive parameters and Hij are constant matrices that are
independent of the constitutive parameters. The expressions for hij and Hij can be found in Appendix A.
The augmentation matrix H∆(ω) is defined by the AHL as:
H∆(ω) =
Nl∑
l=1
jω
jω + βl
FlG
−1
l Fl (27)
with βl the relaxation frequencies, Fl the coupling matrices and Gl the real dissipation matrices. For an
orthotropic material, each Fl is defined as:
Fl = f1,lH11 + f2,lH22 + f3,lH33 + f4,lH44 + f5,lH55 + f6,lH66 + f7,lH12 + f8,lH13 + f9,lH23 (28)
where fi,l are material damping parameters andHij are the same as in equation (26). Each dissipation matrix
Gl is defined as:
Gl = αl

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 12 0 0
0 0 0 0 12 0
0 0 0 0 0 12
 (29)
with αl another AHL damping parameter.
Based on the orthotropic AHL constitutive model, expressions for the orthotropic plate parameters Di,j in
equation (5) can be derived. Since the Kirchhoff plate theory considers thin plates, it assumes that the stresses
in the thickness direction of the plate (σzz , τxz and τyz) are zero. This is known as the plane stress situation.
To impose this assumption, the inverse S (the compliance matrix) of the augmented stiffness matrix Hˆ(ω) is
calculated:
S(ω) = Hˆ−1(ω) → ε = S(ω)σ (30)
The plane stress condition can then be imposed by removing the rows and columns from S that correspond
to σzz , τxz and τyz . Taking the inverse of the resulting three by three compliance matrix, transforms it back
into the stiffness form. The orthotropic plate parametersDi,j can then be calculated by multiplying this three
by three stiffness matrix with h
3
12 , with h the plate thickness.
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4 Case studies
The WBM for damped orthotropic plates is verified through three application cases. The first one consists
of an orthotropic panel that’s excited by a distributed load. The second and third cases are vibro-acoustic
systems that are excited by an acoustic point source. The former couples the panel to a cavity of simple
geometry. The latter system is an existing vibro-acoustic test set-up on which the panel is mounted.
The results are verified by comparing them to those obtained with the FEM. The FEM models are constructed
and solved with the commercial package Comsol 4.3a. This software, however, only supports elements based
on the Reissner-Mindlin plate theory while the WBM is based on the Kirchhoff plate theory. Cremer et al.
[19] showed that the differences between the two plate theories are negligible when the thickness of the plate
is at least six times smaller than the smallest bending wave under consideration. This condition is satisfied
in the frequency range of interest for all of the studied cases.
The WBM routines are implemented in Matlab r2012a. All the calculations are performed on a 64-bit
windows system with a 2.6GHz dual core Ivy Bridge processor and 8GB of RAM.
4.1 Case 1: Panel under distributed loading
4.1.1 Model description
The panel is a rectangle of size A2 (0.42m x 0.594m) and has a thickness of 0.5mm. The material properties
are listed in table 1. The regular constitutive parameters correspond to a unidirectional fibre reinforced poly-
mer. For the damping model, only one term is used for the augmentation matrix H∆(ω) (27). The damping
parameters are analogue to those used by Dovstam [8] and Lesieutre [20]. They are not necessarily realistic
damping parameters for the considered material but are chosen to illustrate the capabilities of the method.
The panel is clamped on all four edges and excited through a distributed load of shape cos(Kxx) · cos(Kyy).
The wave numbers Kx and Ky are chosen such that the wavelengths of the excitation are one third of the
corresponding dimension of the panel.
Ex 120 · 109 Pa f1,1 4.77 · 106 N/m2
Ey 10 · 109 Pa f2,1 4.77 · 106 N/m2
Ez 10 · 109 Pa f3,1 4.77 · 106 N/m2
νxy 0.3 f4,1 0 N/m
2
νyz 0.3 f5,1 0 N/m
2
νzx 0.3 f6,1 0 N/m
2
Gxy 4.9 · 109 Pa f7,1 4.77 · 106 N/m2
Gyz 4.9 · 109 Pa f8,1 4.77 · 106 N/m2
Gzx 4.9 · 109 Pa f9,1 4.77 · 106 N/m2
ρs 1510 kg/m
3 α1 8 · 103 N/m2
β1 8 · 103 rad/s
Table 1: Material properties of the panel
4.1.2 Results
Figure 2 shows the frequency response of the panel, evaluated at a quarter of the width and length of the
panel, compared to the FEM reference solution. The WBM solution is calculated with truncation factor 4,
resulting in 380 wave functions being used at the highest frequency. The FEM reference model uses 10
quadratic elements per wavelength, totalling 5632 elements for the whole panel. The results show a good
match between the models. To highlight the effect of the introduced damping model, the response of the
undamped system is shown as well.
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Figure 2: Displacement of the damped and undamped panel for case 1.
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Figure 3: Relative error as function of calculation time.
To further investigate the accuracy and efficiency of the method, a convergence study is performed. The
response of the panel is calculated for different values of the truncation parameter and is evaluated in two
points: one at a quarter of the width and length, and one in the middle of the panel. Next, the relative
error is calculated with the FEM as a reference and this error is averaged over the frequency and over the
two evaluation points. Plotting these averaged errors against the calculation time shows the convergence
behaviour. For comparison, the convergence of the FEM is calculated as well by changing the number
of elements and by using different discretisation techniques. The results in figure 3a show the superior
convergence behaviour of the WBM. The relative error of the WBM saturates at about 10−2. This indicates
that the accuracy of the WBM surpasses that of the FEM reference model. This suspicion is confirmed when
the finest WBM model, with truncation factor 6, is used as a reference, see Figure 3b. Now none of the
method’s accuracies stagnate and the keep converging towards the finest WBM result. The figures also show
that to achieve the same accuracy as a quadratic FEM model, the WBM only needs a calculation time that’s
a full order of magnitude smaller. This is even more remarkable considering that the FEM model uses an
optimised commercial solver while the WBM runs as a research code in Matlab. The reason why the FEM
struggles to produce accurate results, is the damping model that introduces complex numbers in the FEM
matrices, making them more difficult to solve. This is not an issue for the WBM since its matrices are always
complex.
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4.2 Case 2: Vibro-acoustic model of simple geometry
4.2.1 Model description
XY
Z
Q
Rp
Rd1
Rd2
Figure 4: Geometry for case 2. Point Q indicates the location of the acoustic monopole source. The solution
is post-processed in points R•. The dashed lines indicate boundaries of the different WBM domains.
The problem geometry for case 2 is shown in figure 4. A rigid wall cavity with a height of 0.5m is added
on top of the panel from case 1. The air in the cavity is characterised by a density of 1.225 kg/m3 and a
speed of sound of 340 m/s. The system is excited by an acoustic monopole, located in the point Q (0.3150m,
0.4455m, 0.3750m), and the panel is clamped on all four edges. The WBM model consist of one structural
domain for the panel and two acoustic domains. The cavity is split into two domains such that the panel
and the acoustic source are not in the same domain. This is necessary since there are no particular solution
functions available to couple the acoustic particular solution of the monopole source to the panel.
4.2.2 Results
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Figure 5: Displacement of the damped and undamped panel for case 2.
Figure 5 shows the displacement of the panel, evaluated in the same point as the one from figure 2. The
WBM solution is calculated with truncation factor 5, resulting in 1758 wave functions being used at the
highest frequency. The FEM reference model consists of 158682 quadratic elements. The results show that,
also for this vibro-acoustic case, there is a good match between the models.
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Figure 6: Relative error as function of calculation time.
The accuracy and efficiency is again further assessed through a convergence study. A FEM model that uses
15 quadratic elements per wavelength is used as the reference solution. The results in figure 6 show that
the WBM still converges faster than the FEM but the difference is less pronounced than in case 1. This is
caused by the multiple WBM domains that are needed for this model. Since the calculation of the boundary
residuals is the most computationally expensive part of the WBM, the higher number of domains and thus
boundaries is, the lower the overall efficiency is.
4.3 Case 3: Vibro-acoustic model of an existing test set-up
4.3.1 Model description
X
Y
Z
Q
Rp
Rd
Figure 7: Geometry of the test set-up. Point Q indicates the location of the acoustic monopole source. The
solution is post-processed in pointsR•. The dashed lines indicate boundaries of the different WBM domains.
The test set-up consists of a convex cavity (1.122m x 0.82m x 0.982m) with non-parallel walls, on which the
panel from case 1 is mounted (figure 7). An acoustic monopole source is located at point Q (0.29m, 0.099m,
0.561m). The walls of the cavity are considered rigid and the panel is clamped on all its edges. Although the
cavity is convex, it still needs to be partitioned in 9 subdomains, such that the panel is a complete boundary
of only one subdomain. The WBM model thus consists of 9 acoustic domains and one structural domain.
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4.3.2 Results
The goal of this case is to show that the WBM can handle real world applications and provide results that are
within engineering precision. As such, a detailed convergence study is not performed on this model. Figure
8 shows the displacement of the panel at a quarter of the width and length of the panel. The WBM solutions
is calculated with truncation factor 4, resulting in 2274 wave functions being used at the highest frequency.
The FEM reference model consists of 115491 quadratic elements. There is good agreement between the
WBM solution and the FEM reference, with accuracy being within engineering precision. The calculation
time for the WBM model, however, is only on third of that of the FEM reference. If this test set-up would be
used for optimising the vibro-acoustic performance of a panel, the WBM has an additional benefit aside from
the already higher convergence rate than the FEM. Since only the panel changes, the boundary residuals of
the acoustic domains do not need to be recomputed between different iterations. This drastically reduces the
computational times since the calculation of these residuals is the most demanding.
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Figure 8: Displacement of the damped and undamped panel for case 3.
5 Conclusion
Efficient prediction of the vibro-acoustic behaviour of composite lightweight panels is becoming more and
more important. These panels are often characterised by orthotropic material properties and frequency de-
pendent damping behaviour, making them challenging to solve with traditional element based techniques.
To address this need, in this paper, the WBM for orthotropic plates was developed and a general damping
model, based on the Augmented Hooke’s Law, was added.
The method was verified in three case studies trough comparison with the FEM. Results of the first two cases
showed that the WBM has a faster convergence rate and an overall higher efficiency than the FEM, at least
for simple geometries. A third case demonstrated the capability of the method to model a real life example,
in the form of an existing vibro-acoustic test set-up.
Future research will further study the efficiency of the method for geometrically more complex cases. The
possibility of a hybrid WBM-FEM approach being superior in some cases will also be investigated. The high
efficiency of the method also suggest that it is a useful technique for optimisation, an application that might
be explored in the future.
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A Appendix A: Detailed expansion of the orthotropic constitutive
matrix
Hooke’s law defines the orthotropic stiffness matrix H for a 3D material as:
σ = Hε (31)
with σ the stress vector and ε the strain vector:
σ =

σxx
σyy
σzz
τyz
τzx
τxy

ε =

εxx
εyy
εzz
γyz
γzx
γxy

(32)
The stiffness matrix can be decomposed in nine terms:
H = h11H11 + h22H22 + h33H33 + h44H44 + h55H55 + h66H66 + h12H12 + h13H13 + h23H23 (33)
The factors hij are:
h11 =
(1− νyzνzy)
(EyEz∆)
h22 =
(1− νzxνxz)
(EzEx∆)
h33 =
(1− νxyνyx)
(ExEy∆)
(34)
h44 = Gyz h55 = Gzx h66 = Gxy (35)
h12 =
(νyx + νzxνyz)
(EyEz∆)
h13 =
(νzx + νyxνzy)
(EyEz∆)
h23 =
(νzy + νzxνxy)
(EzEx∆)
(36)
with
∆ =
(1− νxyνyx − νyzνzy − νzxνxz − 2νxyνyzνzx)
(ExEyEz)
(37)
and Ei the Young’s moduli, Gij the shear moduli and νij the Poisson doefficients. The constant matrices
Hij are:
H11 =

1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
 H22 =

0 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
 H33 =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
 (38)
H44 =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 0 0
 H55 =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 0
 H66 =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 1
 (39)
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H12 =

0 1 0 0 0 0
1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
 H13 =

0 0 1 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
 H23 =

0 0 0 0 0 0
0 0 1 0 0 0
0 1 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
 (40)
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